Two methods are discussed for finding large integers m such that m -I and m + 1 are both primes. Eight such numbers m of magnitudes 22, 22, 32, 64, 136, 154, 203, and 303 digits are listed; together with primitive roots (for m + 1)
1. Asymptotic Estimates. We define a twin prime mean (TPM) to be any positive integer m such that (777 -l, m + 1) is a pair of primes. It is unknown whether M(x), the number of TPMs not exceeding x, is bounded as x increases. However, in 1919 V. Brun [1] , by showing in effect that for some positive constant C, M(x)<-^-(loglogx) 2 log X established that the sum of the reciprocals of all TPMs must converge. Twin prime pairs (777 -1,777 + 1) are, therefore, significantly sparser than the primes themselves, so the task of discovering large TPMs is both interesting and challenging.
For the computer search reported here, we have made practical use of certain asymptotic estimates concerning the distribution of TPMs. Evidently, if m is a TPM, then for any prime p < m -1, we have m2 ^ I (mod p). In particular, if 777 > 4, then 777 = 0 (mod 6). We define a sieving set with sieve limit x to be the set of all primes p with 5 < p < x; this set is denoted as Px. Then a function ß(x) is defined Q(x)= n (i-;)~t4-.
where K is a positive constant. For an integer w = 0 (mod 6), much larger than x but otherwise "random", we loosely interpret ß(x) as the "probability" that w2 -1 is prime to all primes in Px. In 1923 Hardy and Littlewood used functions similar to Q to derive an heuristic estimate [2] M (z)   2C2z   log2z where C2 is a constant 0.66016181. . . related to K and Euler's constant y by C2
Ke2"1 ¡4. The Hardy-Littlewood estimate is apparently in good agreement with actual counts of TPMs [3] , [4] , [5] . limit x and test both m + 1 and m -1 for divisors in Px. In the absence of any such divisors we then apply Fermât tests, that is to determine whether 2m = 1 (mod m + 1) and 2m~2 = 1 (mod m -I) as must both be true if m ± 1 are both primes. In practice, these tests are virtually conclusive; and we assume in computer time calculations that almost all pairs 777 ± 1 which pass the Fermât tests are twin prime pairs.
From these considerations the mean time to locate a TPM can be estimated from ß(x), which is used to derive sieving times and the frequency of required Fermât tests;
and from the Hardy-Littlewood estimate, which estimates the probability of a successful pair of Fermât tests. The problem of determining the most efficient sieve limit x is, thus, reduced to a straightforward minimization problem involving the relevant asymptotic formulas. The number m -1 can be tested using a Lucas-Lehmer test [7] . For these primality tests to be directly applicable it is necessary to know the prime factors of 777. In the present search a useful factorization algorithm has been Pollard's rho method [8] , [9] . The method was used, for example, to find the two ten-digit factors of the second TPM listed in Table 1 .
The battery of computer algorithms used in this search is comprised of:
(1) sieve algorithm, sieve limit x; (2) power algorithm by (mod z); (3) Lucas-Lehmer test Uk (mod z), parameter Q; (4) Pollard's rho algorithm. Fermât testing is of, course, a special case of (2), and is assumed to be a process of order 0(log3z). where the s¡ axe (possibly) manually chosen small primes, and the primes q¡ are generated randomly subject to the constraints that q¡ < 2W, where W is a machine arithmetic word length; and m is in some predetermined region.
The procedure is to choose a sieve limit x and possible factors s¡ then to perform these steps:
(1) generate the q¡ and form 777; On failure at any step, one reverts back to step (1). When a trial 777 survives all four steps it is a likely TPM, and true primality tests are to follow.
The procedure was programmed on a PDP 11/70 computer with the outer loops written in the language C and the inner loops in assembly language. The word length of the machine is W = 15; and the basic arithmetic process, a W-by-W bit multiply and two adds, consumed 12 microseconds.
A formula was derived for the expected time to find an m which survives all four steps in terms of the rough magnitude of 777 and the sieve limit x. In the case that no Sj axe chosen, the formula arises as follows. Enumerate the consecutive primes in Px as px, . . . , pn and denote for convenience Q(p0) = 1. The probability that pk is the smallest prime dividing m2 -1 is taken to be (2/pk)Q(pk_x). An estimate for the expectation of the number of sieve divisions at step (2), per choice of m in step CO, is k=i Pk log4x
where A is a constant. The actual time spent for a sieve division of m ± 1 is assumed to be proportional to log m but essentially independent of k, so that the expected time spent at step (2), per choice of m in step (1), is estimated as for a machine-dependent constant B. Since a fraction ß(x) of the 777 chosen in step
(1) will pass step (2), the expected time spent at step (3), per choice of m, is estimated as
where C is another machine constant. The time spent at step (4) is assumed to be negligible relative to that spent at step (3) . From the Hardy-Littlewood formula we expect 0(log2m) choices of 777 in step (1) before we find a number which passes all four steps. Such a number will be found, therefore, in an expected time S3W , ¿log5
Hxlog m L log m log4x log X where H, L are machine constants.
A good choice for x which essentially minimizes T is that for which n(x) = (2L/H)log2m.
This implies that the number of primes in the most efficient sieving set Px is proportional to the square of the number of digits in 777.
With the computer actually used for the search, the ratio L/H was empirically determined to be 0.02, implying that searching in, say, the 100-digit region should involve an x with 7r(x) about equal to 2100. Thus, the choice x = 215, it(x) = 3512, an extremely convenient one for the programmer, turned out to be an efficient one as well. The 64, 136, 154, 203, and 303 digit TPMs in Table 1 were found with this method. Though x = 21S is highly efficient only for 100 to 150 digits the same value for x was maintained in the searches for the largest TPMs with only a moderate degradation of efficiency. 
